We report on the time-domain differentiation of light waves by metallic transmission gratings. Time-resolved terahertz experiments show that the first time derivative of an arbitrary waveform can be achieved by use of gratings of subwavelength period. The results are in accord with classical diffraction theory and may permit novel applications for tailoring few-cycle light pulses and ultrahigh-frequency optoelectronics.
The control of light by modif ication of either its spectral distribution or its temporal shape is a prime objective of optics. Periodic structures such as gratings have frequently been used as tools for the control of light, and more-advanced structures such as photonic bandgaps have stimulated increased efforts to understand the transmission and ref lection of subwavelength structures. In the case of metallic structures, light transmission is constrained when the dimension of the apertures becomes comparable with the wavelength of the incident light or gets even smaller. 1 Recent advances in submicrometer metallic structures have shown that increased transmission can be achieved by coupling of light to surface plasmon resonances. 2 -4 Most research on periodic metallic structures has focused on spectral transmission or ref lection. Although gratings have been used for decades for time-domain pulse shaping, 5 less is known about their effects, which occur on subcycle time scales, because few experiments have had the required time resolution. The first time-resolved experiments to address such properties were performed at terahertz (THz) frequencies and interpreted in terms of a superluminal transport through subwavelength structures. 6 In this Letter we present a time-resolved study of light transmission through metallic gratings. The experiments were performed with THz time-domain spectroscopy. Femtosecond time resolution permits the observation of subcycle changes of the transmitted light as the light propagates through gratings. It was found that the zero-order transmission signal is the first time derivative of the incident light wave. Classical diffraction theory conf irmed the experimental f indings and showed the scale invariance of this analog time differentiation of light pulses.
Metallic transmission gratings were fabricated upon semi-insulating silicon by e-beam evaporation. The 10 mm 3 10 mm gold gratings had periods of 10 40 mm and a filling factor of 50%. The 200-nm metal f ilms were signif icantly thicker than the skin depth of gold, which is approximately 30 nm at 1 THz. We measured the transmission through the gratings by free-space THz time-domain spectroscopy. Coherent THz pulses were generated by the excitation of an n-doped InAs crystal with 70-fs laser pulses of 770-nm wavelength and 5-nJ pulse energy. The center frequency of the THz pulses was ϳ2.25 THz, which corresponded to a wavelength of ϳ130 mm. The transmitted pulses were detected in the time domain by electro-optic sampling method. 7, 8 The detection bandwidth of the setup was limited to ϳ3.5 THz by the 300-mm-thick ZnTe crystal. Only the zero-order diffraction of the transmission was detected. The aperture of the setup prevented higher orders from contributing to the signal. To avoid spectroscopic artifacts caused by water absorption, we performed the experiments in a vacuum chamber at 10 Pa.
The transmission through gratings of a subwavelength period strongly depends on the orientation of the grating lines relative to the incident electric f ield of the THz pulse. Figure 1 (a) shows the case of perpendicular orientation. As expected, the THz pulses are perfectly transmitted through the grating. Both amplitude and phase of the incident light are preserved. In the remainder of this Letter we discuss exclusively gratings that have parallel orientation with respect to the electric f ield of the incident light. Figure 1(b) shows that in this case the transmitted f ield amplitude is significantly reduced. Moreover, it appears that the transmitted pulse arrives earlier than a pulse transmitted through a reference area on the same wafer that is not covered by metallic structures. A similar negative phase shift was reported for THz pulses propagating through metallic patterns or close to a metal wire. 6 In this research the negative phase shift was interpreted in terms of superluminal propagation, although it was clearly pointed out that the group velocity is not superluminal. We performed a detailed analysis of both the leading edge and the centroid of the transmitted pulse, which showed that no superluminal propagation occurs. Neither the center of the THz pulse nor the leading edge arrived earlier when the reduced intensity was taken into account. A closer look at Fig. 1(b) suggests an alternative interpretation: The extrema of the transmission signal correspond to the inf lection points of the incident pulse, indicating that the transmission is the first time derivative of the incident pulse. These f indings were confirmed by calculation of the derivative of the incident pulse. To achieve a quantitative insight into the observed phenomena, we calculated the transmission in the time domain. In general, the transmission properties are well understood for two extreme relations of period d of the grating and wavelength l of the incident light: (i) If d͞l ! 0, the grating becomes a homogeneous metallic sheet. As a result, the transmission of the grating is zero and the wave is completely ref lected, if perfect conductivity is assumed. (ii) If d͞l !`, perfect transmission occurs for light propagating through the gaps of the grating. For grating periods that are comparable to the wavelength, one has to consider the diffraction properties of periodic structures. In what follows, we consider an electromagnetic wave that is polarized in the x direction:
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The wave impinges upon a grating of f illing factor 0.5, which is placed at z 0 and oriented along the x direction. According to diffraction theory, the transmitted wave behind the grating ͑z . 0͒ is
where m is the order of diffraction, sin f m ml͞2d, and cos f m ͓1 2 ͑ml͞2d͒ 2 ͔ 1͞2 . We restrict the discussion here to the zero-order diffraction, which corresponds to our experiments. In this case the remaining coefficient for the transmitted wave is
where l ͑d ln 2͒͞p. When it is taken into account that kl ͑2d ln 2͒͞l , , 1, an expansion up to fourth order in kl gives
To deduce the contributions of higher-order terms at a particular frequency v e we use
In most of our experiments the grating period was much smaller than wavelength l e . Thus, v e l͞c ͑2d ln 2͒͞l e ,, 1. For this condition, only the first term is significant, and the transmitted signal is the first time derivative of the incident wave, which confirms the good agreement between experimental data and the numerically calculated first derivative shown in Fig. 2 . Ongoing experiments on more-complex pulse shapes have shown that the differentiation is not limited to few-cycle pulse shapes as presented here but can be achieved also on arbitrary waveforms. Figure 3 shows an evaluation of the transmission signal for several grating periods obtained with Eq. (6) . Good agreement between experimental data and calculation was found in particular for small grating periods, for which the transmission signal becomes the first derivative of the incident pulse. Increasing the grating period with respect to the wavelength is equivalent to increasing v e l͞c, leading to the contributions of higher orders to the transmission signal. In general, a good approximation of the first derivative can be achieved for grating periods much smaller than the wavelength of the incident light. For instance, d͞l e 0.02 reduces higher-order contributions to less than 3%. However, the transmitted f ield intensity is significantly reduced at small periodicities, as shown in Figs. 2 and 3 .
Time-domain differentiation of light waves is not limited to radiation that has THz frequencies. The findings described are scale invariant. Time-domain differentiation also should occur when visible or near-infrared light is transmitted through perfectly conducting subwavelength structures or through stacks, that form photonic bandgaps. Moreover, as shown in Fig. 2 , the spectral range where a first-order derivative can be achieved is quite broad (particularly when the relative frequency interval is transformed to the visible). In the field of few-cycle laser pulse generation, 11 time-domain differentiation may facilitate new pulse-tailoring techniques. Other potential applications lie in the emerging field of THz optoelectronics, for which an analog differentiator may enrich the palette of available ultrahigh-speed devices such as filters, 12 pulse shapers, 13 and modulators.
